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A THREE-DIMENSIONAL SELF-SIMILAR PROBLEM OF SUPERSONIC WEDGING
OF AN ELASTIC BODY"

A.A. BORZYKH

A method based on the dynamic theory of elasticity is proposed for solving the
three-dimensional problem of supersonic wedging a body by a thin arrow-shapedblade.
Using appropriate scale transformation and passing to limit ("the microscope princ-
iple" /1/), the problem of the thin blade is reduced to that of the mathematical
slit. A solution in closed form is obtained in the case of dependence of displace-
ments, or of some differential transform of these, on two self-similar variables.
The input problem is reduced by a change of coordinates to the determination of
analytic functions of two complex variables which, after some transformations, re-
duces to the Dirichlet boundary value problem in a single complex variable, which
is solvable by conventional methods.

Problems of thin supersonic blades in an elastic body /2/ are of interest in investiga-
tions of supersonic cutting and in the theory of electron and laser fracturing of solids.
Problems of the supersonic punch moving on a surface also belong to problems of supersonic
fracturing. Theoretically all these problems have a general solution which is, however, very
difficult to obtain with the use of integral representations /3/.

1. Statement of the problem. Let an infinite thin blade —mathematical slit in the
plane ,, z;—symmetric about the &3;-axis move in an elastic body along the x;-axis at
constant supersonic velocity V ¢, >» ¢ (¢, and ¢, are velocities of longitudinal and trans-
verse elastic waves, respectively). Angle P of the arrow-shaped blade tip (or the coeffic-
ient + = ctg B) is constant and contained within the cone of characteristics (Fig.l), i.e. the
condition

SM >M, (MF=V¥2—-1>0(0=1,2)
Y H J

is satisfied. The problem is assumed symmetric relative to the plane .73
Equations of the dynamic theory of elasticity in displacements /3/ are used here as
governing equations. In the steady-state problem they are in the moving system of coordinat-

o, o eu,
T =M (=12 (1.1)
rot u; = 0, dive, =0 (1.2)

where u = u, + u, is the total displacement vector, and vectors u, and w, define, respectiv-

ely,the dilatation and shear wave displacements.
According to Hooke's law

O = 2uey -+ Aelyy; 28 = wp, 0 T Uik © 7 Uik (1.3)
where opn (k, I = z,y, 5) are components of the stress tensor, and A and i are Lamé constants.
The basic equations (1.1}~ (1.3) remain valid after the substitution for uof function

v == Lu which represent linear transforms of the displacement field (L is some linear differ-
ential operator), and of the respective substitutions

ex;-— Leg, oy — Loy,
Let us consider the self-similar three-dimensional problems of supersonic arrow-shaped

blades (a particular case of the general problem of the supersonic cone) whose respective sol-
utions {(for instance displacements) depend only on the two self-similar variables

E =2z, = ylz
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Problems in which displacements u are homogeneous functions of z,y,z of zero measure /4/ and,
also, problems in which functions v=-Lu (for instance the velocity vector of medium) are
homogeneous, belong to this type. The approach developed here for three-dimensional problems
is similar to methods of the theory of functions of complex variables in plane static /5/,
steady-state dynamic /6/, and dynamic /4/ problems of the theory of elasticity.

Let us solve the problems formulated below.

Problem A. The displacements are homogeneous functions of § and #%. The boundary
conditions in the system of coordinates zyz are of the form

uy = gy (2/2), w, = g, (¢/2), u, = g, (x/z) for Jz|<< —zly,y=0,2<0 (1.4)
Uje = Ujy = U, =0 ( = 1, 2) for 2+ y* > M2, 2 <0 and all z >0 (1.5)
Uy = uy = u, = 0 for jz | > —zly, y=0,2<0. (1.6)

where u,, u,, U, are Cartesian coordinates of the displacement vector u, g, g, and £, are given
functions of argument § = z/z, and conditions (1.5) indicate the boundaries of perturbed re-
gions and limit solutions to displacements free of discontinuities at these boundaries. Con-
ditions (1.6) have the meaning of conditions of symmetry which ensure the homogeneity of
solutions, and are similar to the usual but weaker conditions of equilibrium (absence of stress
discontinuity at the slit). Such conditions obtain, for instance, when a piecewise-homogene-
ous body is split along the interface of the elastic and absolutely rigid part of a body, or
in the case of thin blades with arrow-shaped tips of large apex angle (close to that of the
cone of characteristics).

Problem B. Functions v = Lu (linear transform) are homogeneous functions of § and

N . Since the boundary conditions coincide with (1.4)— (1.6) of Problem A, except for the
substitution u-——> Vv, hence the two problems differ only in their mechanical aspects, i.e. in
the determination of stresses in the medium, while from the point of view of mathematics, as
problems of finding the unknown function (u or v) from its value at boundaries, both are

exactly the same.
The velocity field of the medium provides a simple example of function Vv in Problem B;

the transform operator is L = d/dt = —Va/ds.
Condition (1.2) has in coordinates &, m the form

Uizt + Blhie, g + Nlbue,n =0 (L.7)

Uiz + By, g + Mlay,n = 0, Uy, g — Ug,n = 0

Use,§ T Usy,n — EUsz g — Midpr,q =0 (1.8)

2. The method of solution : reduction to the Dirichlet boundary value
problem. Further exposition is carried out in terms of Problem A (in displacements). The
obtained results with the substitution w — v = Lu, oy — Lo); are completely valid for Problem

B.
We introduce for each of Egs.(l.l) its proper system of coordinates r;0;8; defined by

the relations

2e,
M,-§=cosaj———1_’_’s‘2 (2.1)
7
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2e; HIER
M == 8in 0 2 [ UL N
M;n =sino; T Z==r; 1%

Equations (1.1} with allowance for self-similarity, i.e. independence of solutions from
rj, in coordinates oge; assumes the form of the Laplace equation

at,
u; a 6uj

CEEN Ei?j('fj —"_ET):O (2.2)

The method of transforming equations of elastic medium dynamics used here is similar to
that applied by Busemann and others in problems of supersonic gasdynamics (see, e.9., /7/).

Vectors u; may, therefore, be considered as the real part of some analytic vector func-
tion with the corresponding complex variable

w; = g;exp (iO’j) (2.3)

Using the transform with an appropriate selection of the branch in formulas (2.1), the
initial perturbations region u; in space ¥z 1s mapped in the complex plane w; onto the
unit circle interior, and the blade onto the segment with ends at points Wy = +M; (y —
Vv — M;°), as shown in Fig.2.

We introduce the notation

ujp = ReFp(w;) (= 1,2,k =z, ¥, 2) (2.4)

where F;., Fy, F; are functions of respective complex variables w; and w, analytic in the
unit circle interior with a slit along segment Imw; =0, |Rew; | < w;.Substituting expres-
sions {2.4) (for wuy ) inte (1.7} and (1.8) and taking into account the relations

(wj),é' 2iwj

DA

(“"j)g/

Ty
("5)"

j_;._:;_'._‘ n‘g

(w

we obtain three conditions for the connection between six analytic functions Fp (wy) (=1, 2;
k= z,y,2) of the form

i (w4 1) Fy (o) = (0 — 1) Fo.' {(w) (2.5)
2iw Fy) () + My (@ — DI () - 0
iMy (w4 1) Foy (wy) + My (wed — 1) Fa/ (wy) = 2iw,Fs." (wy)

where the prime denotes differentiation with respect to the argument.

Problem A is thus reduced to a boundary value
problem of the theory of analytic functions of
two complex variables that can be substantially
simplified whenever it is possible to determine
the relation between these variables.

Note that only two of the three conditijons
(1.7) are independent, hence only three independ-
ent conditions obtained from (1.7) and (1.8)appear

\\\3\ NN

SO SN

Fig.3 in {2.5). Conditions {2.5) imply that only one
function Fy and two functions Fy are independ-
ent.

We introduce one more pair of complex variables 1; defined by the following expression
(the Joukowski transform) :

M,
1j=—-,-7-(wj+—:7) (=1,2) (2.6)
2

In both planes of T1; the unit circle interior which corresponds to the upper half-plane
w; {the perturbation region) passes intc the lower half-plane Im 1; < 0, and the blade surface
is transformed into two equal half-lines on the real axis | Ret; | >, Imv; = 0. Moreover, the
circle of unit radius becomes in the w; plane the segment | Ret;} > M, Imv; =0, and the real
axis Imw; =0 is represented by two half-lines |Rer;| > M, Imt; = 0 (see Fig.3). Con-
sequently, all boundaries at which conditions (1.4)— (1.6) of Problem A are specified in the
t; plane are represented by the real axis Imt; = 0, while at y = 0 (y = 0) we have the equal-
ity
Ty = T, = 1/& for {Ret; [ >, Imty; =0 (2.7}
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Components of the total displacement vector of the medium u assume, in terms of the
complex variables 7; the form

up = Re [Fy (1) + Fy (1)l k=2, g, 2) (2.8)
where Fj (t;) are functions which by virtue of symmetry are analytic in the lower half-plane

of T; and are to be determined. They are linked by supplementary c¢ondition which in conform-
ity with formulas (2.5) and (2.6) are of the form

‘V"‘:l2 h f‘wlg F;x e iTIF;m 7‘/1712 - ‘ﬁ/‘!l‘A F;: i éF;u (2 . 9)
VTl Mot Fpy o it Fag — iFp:

Components of the strain tensor {(formulas (1.3)) are obtained using the following form-

ulas:
ar,

281}.——39[ on TP+ arg Fy Fzz ] (2.10)

a > é‘r 611,
s——BeL RN R £ Foy 6‘7‘ FW AL ng + o Py A '}

In formulas (2.9) and (2.10) the arguments of functions Fyp are the respective variables 1y,
and the prime denotes differentiation with respect to the argument.

Note that for determining the relation between variables T, and 7, when | Ret;] <y, Imt; = 0
the boundary conditions (1.5) and (1.6) assume the form

ReF e (1) = ReFy, (v)) = ReFy, (1)) = 0 (2.11)
ReFy: (o) = ReFy, (1,)=ReF,, (1;) = 0

i.e. they are zero for any 7, and 7, along that segment. This can be expressed as follows.
For any pair of T; and T, belonging to the respective segments |[Ret; |<<y, Imt; =0 the
equality

Re [Fyy(ts) + Fop (o) ] = Re [Fyp (1) + Fope (1)1 =0

is always satisfied.

Since this equality is satisfied also for v =r1; = 1, it is possible to extend condition
(2.7} to the indicated segments of real axes of the 7; planes without altering boundary con-
ditions (2.11). It is, thus, possible to assume that the condition

T == T == T, (2.12)

of equality of the two complex variables is satisfied at all points of real axes Imrt, = 0 and
Imt,=0.

We introduce a new complex variable whose real part is the same as that of variables T,
and Ta

Ret = Ret; = Rer, (2.13)

i.e. we extend condition (2.12) of relation between the two complex variables on the real
axis to the entire lower half-plane.

The indicated here method of reducing the determination of six functions of two complex
variables to a boundary value problem for a function of a single complex variable, is in many
respects similar to that used in /4/ for solving several large classes of plane self-similar
problems of the dynamic theory of elasticity of subsonic velocities investigated by the authors
using the Smirnov— Sobolev method of functionally invariant solutions of wave equations /4,8/.

We introduce the notation

Fra (0) + Fox (1) = Vo (1), Fyy () + Fop (1) = V,, (7) (2.14)
Fio (T) + Fy, (1) = V, (1)

where Vi (1) (k =z, y, 2) are functions analytic in the lower half-plane Imt < 0 .In conformity
with formulas (2.8) functions Fy (t) are expressed in terms of Vi (1) as follows:

Py = — D V) + iV, — ivnaVy')

Fy' = D V) + in,V," — ity V']

Fly, = i, D V) + iV, — v, V')

Fol! = Dhine V) — wesV 4 {1 — 5003V

(2.15)
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Foy = D 1TV, — V. + iny (1 + 7) V]
o = D (1 — tPuny) Vo' — i,V — wuyn, V'
(a2 o0-1iy {5 —— — N
(M) = (- MY (=12, D@ =1 —

>
I

where T is the argument of functions Vi, Vi, V., %y, %, D, Fyy .

For the determination of function Vj (1) we have three separable independent Dirichlet
problems for a single complex variable in the half-plane Imt << 0, which in accordance with

formulas (1.4)— (1.6), (2.7)— (2.9), and (2.11)— (2.14) are of the form

ReVy (1) = gx (E = 1/7), |Ret | > v (2.16)
ReVy (1) = 0,| Ret | <y (k =z, y, 2)
where g which in conformity with (1.4) are known functions of variable & ("the blade pro-
file").
The solution of each of the boundary val

eact th un value p lems (2.16) is a Schwarz integral for the
half plane which, for example, for V, (1) is of the form /9/
4
Ve@=- { ReVo) 72+ i, (2.17)
- 15 t—1

—a

where C,; is an arbitrary real constant and Re V, ({} are defined by condition (2.16).

Expressions of form (2.17) for each of the sought functions completely solve Problem A,
Displacements are determined by formulas (2.8) and integration of relations (2.15), while the
stress field is obtained directly using formulas (1.3) and (2.10).

Problem B is similarly solved using formulas (2.17), except that the field of displace-
ment u is obtained from the solution of the boundary value problem for field v using the
inverse transform u = L7lv and the stress field is then determined by formulas (1.3), or the
linear transform Lg,; is directly obtained from formulas (2.10) and, then, the field of oy
is determined using transform L71.

3. One boundary value problem and its applications. we shall illustrate the
general method on the example of an important limit case of the boundary value problem (1.4)—
(1.6).

bet g (8 = ay (=2, y, 2)
where a,, a,, a, are some arbitrary real constants. In accordance with (2.17) we have

Vi () = —i (ap/@)n [(y — Oy - O] - iy (b .y, 3)

where (,, Cy,(, are arbitrary real constants. For determining stresses we use formulas (2.10).
When =~ (0 we have for functions Fj (1) in terms of variables §,7n in accordance with defini-
tions (2.15) the following expressions:

Fii = —2iEH (ax — az§ -+ iayhy) (3.1)
Fy = iFy'hy, Fr = — EF
Fox' = 20EH [(lyhs — EDay — agl -+ iaghs] (3.2)
ng' = — 2EH layhy — hyhyag + iag§ Ry (1 -+ E9)]
Fog’ = —2EH[aE — ag (hthy — 1) - iagdhol; | § | < My2
Fo! = Fyy == Fy' = 0, Myt {J§ | <Myt (3.3)
hj=VT— W78, H= 8~ 0 (hy — 1 — 8 (=1, 2
and for the derivatives of complex variables 1; in terms of coordinates =z,y,z and 1w 0 we
have o, o, ar, k,
iz B SURA SO I R MR (3.4)
oz ZE2 a2 zE, dy ZE? ’
The set of Egs.(3.1)— (3.4) enables us to determine the stress field using formulas (3.1)
— (3.4). Omitting the formulas for all of the nine components o, which are readily obtained
from (3.1)- (3.4), we present expressions for the first invariant of the stress tensor for
(m = 0)
Foo— 969 ) 9%\, —lE—2L I EEL 2 ho (4 L ED (Bl M1 (3.5)
4] = Zlapl 17 oMjdgZ Tg “rigsl yury 2\: T8 iy v R 2
2 (2p 4+ 30) (1 + My?) (ay — asf, — aaha) iyh; = E e Mo-1 (3.6)
LS E g D2 My M (10 Mgy M <Rl

Let us point out certain singularities of the obtained results.
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The stress field in region & - n?<<M;2 of existence of transverse and longitudinal waves
is determined only by the normal displacement ¢y at the slit, i.e. the problem of arbitrary
displacement discontinuity at the supersonic slit can be considered, without loss of general-

ity, in this region as a problem of normal discontinuity.
In the neighborhood of points |E|=1/y,|E|=1/M, and [§|= 1/M; the stress field has sing-
ularities. The asymptotics of the stress field are indicated below. For the invariant I,

we have
_ eV — My [ — M+ (U + ) Vi~ M (3.7

ez [V — M) (v — M%) — v — 1]
p=1—Egy—+40

I

As was to be expected, the singularity of stresses (3.7) is of order 1/p, i.e. the same
as that near the edge of the subsonic dislocation discontinuity /1,4/. Near the boundaries
of perturbation regions (Mach fronts) we have

Iy = aRy (M2 — MA VD, p= 1 — Mt — +0 (3.3)

Iy = MyRy (1 + M%) VMzz — M2 (0y —ag/M, — "21/%)]/5 p=ME—1— 10
L =R VMEIZMp (@M —ay—a, YV MZ — MHVp, p=1—ME —»+0

2V2 (2p4-30) M

=T MpaT s =42

All results of Sect.3 equally apply to problem B with the substitution op — Loy taken
into account. In the important case of operator L = —V4/sz (the problem of uniform velocit-
ies of the medium), similar to the plane problem considered in /2/, we find that near the
blade edge the stresses obtained by applying the inverse operator L' to expressions in (3.7)
and (3.8) have singularities of order @+ vlzl).

The author thanks G.P. Cherepanov for numerous remarks expressed in the course of prepar-
ation of this paper.
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